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Abstract 

We prove an adiabatic theorem for the non-autonomous Gross-Pitaevskii equation in the 
case of a weak trap. More precisely, we assume that the external potential decays suitably 
at infinity and admits exactly one bound state. 
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1 Introduction 

Quantum adiabatic theory has been initiated with the study of the non-autonomous Schrodinger 
equation 


i eds'i/jg = H s i/j s (1.1) 

in the limit e \ 0. Here, H s is a time-dependent self-adjoint Hamiltonian and the macroscopic 
time variable s is assumed to take values in [0,1]. The first adiabatic theorem was discovered 
by Born and Fock [6] in 1928 who treated the case where H s has a simple eigenvalue which 
remains isolated from the rest of the spectrum at all times. 

Since that time a wide range of generalizations have been found. Some authors considered 
the case of isolated yet degenerate eigenvalues or isolated energy bands [4[l5[l23]. Others were 
concerned with the development of superadiabatic expansions which approximate the solution of 
(11.11) with exponential accuracy in e |22ll26| : much like in the well-known Landau-Zener Formula 
[MIES]. It has also been found that an adiabatic theory can even be given for non-isolated 
eigenvalues at the cost of having no information on the rate of convergence as e \ o mm- 
Many of these theorems have later been further generalized to non-self-adjoint Hamiltonians 
which arise for instance in non-equilibrium statistical mechanics [3l f2lll2Tj l32]. 

The present article takes a slightly different approach and studies a nonlinear example of a 
quantum adiabatic theorem. More precisely, we consider the non-autonomous Gross-Pitaevskii 
equation with a time-dependent potential V s = V s (x), 

ie<9 s T s = -AT s + y s T s + &|T s | 2 T s , (1.2) 

where b = ±1 (focusing resp. defocusing nonlinearity). Equation (11.2|) constitutes an effective 
description for the dynamics of a Bose-Einstein condensate with one-particle wave function T s 
in an external trap V s . It can be rigorously derived from the underlying many-body Schrodinger 
dynamics in the limit of large particle numbers N — > oo if the interaction potential between 
the particles is scaled suitably with N (see e.g. |29ll35| and references therein). However, it is 
worthwhile to note that such results are not uniform in the macroscopic time t := s/e and hence 
we will simply take Equation (11.21) as our starting point: Issues concerning the interchangeability 
of adiabatic and particle number limit will not be addressed here. 

To give an informal explanation of our main theorem we introduce the stationary pendant 
to (11.21) which reads 


— AlpE,s + V s 1pE,s + E^ E ,s + = 0 ■ ( 1 - 3 ) 

Its solutions are referred to as ground states since they solve the Euler-Lagrange equation for 
the Gross-Pitaevskii energy functional 

I[i/>e,s\ ■= J 3 d 3 x Q|VVtE , s | 2 + V s \i/) E ,s\ 2 + ^Vl)E,sf\ , ( 1 - 4 ) 

where ||VlE,s|l 2 = V is fixed. We assume that the initial data To for (II.2[) is small in a suitable 
sense (equivalently, To could be rescaled at the price of choosing the parameter b to be small 
instead). In addition, we assume that the linear Hamiltonian —A + V s admits exactly one 
bound state for each s, that is, the trapping potential V s is supposed to be weak. After adding 
the nonlinearity this bound state bifurcates into a whole manifold of ground states as will be 
shown below. 
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Our result can now be described as follows: Under the assumption that 'I'o belongs to the 
ground state manifold we prove that, up to phase and uniformly in s, dU converges to an element 
in the ground state manifold with equal mass, i.e. L 2 — norm of the solution, as e \ 0. In fact, 
the error term will be 0(e) and is thus reminiscent of linear adiabatic theorems in presence of 
a gap condition. 

From a physical perspective the existence of an adiabatic theorem for the Gross-Pitaevskii 
equation is to be expected and has been observed in interference experiments mm- Mathemat¬ 
ically however, the non-autonomous setting considered here - contrary to the autonomous case 
(e.g. [ l4l[36H38il42j ) - has not yet been subject to intensive investigations: A space-adiabatic 
theorem was found in [33]. The result closest to ours is [31] . where the equation of the form 

ieds^s = —AT S + V a *s + bElVsl 2 **, , 

was considered. Here the nonlinearity is of the size s, which goes to zero as e tends to zero. 

Interestingly, the techniques we apply to prove our theorem differ from the ones commonly 
used in the linear case. The main difficulty is that by linearizing the Gross-Pitaevskii equation 
around a ground state one obtains a generator which does no longer give rise to a contracting 
evolution on L 2 (M 3 ) and therefore makes it more involved to estimate error terms. This problem 
can be dealt with by a bootstrap argument which uses the dispersive behavior of the linear 
Schrodinger equation; see e.g. |191l3i] |. For the related nonlinear problems, see the results 

in [8HI31[I5][I61[201[25]|301[39H1I]. 

The organization of this article is as follows. We start in Section [2] we establish the existence 
and regularity of a ground state manifold for Equation (11.31) . This enables us to give a precise 
statement of the main theorem in Section EH After studying, in Section [4] various properties 
of the linearized operator, obtained by linearizing around the ground state, we reformulate the 
main Theorem into Theorem 15.21 in Section [5] Theorem 15.21 will be proved in Sections [6] and 0 
Various technical estimates will be in Appendices. 

Throughout the paper we use the standard notation for the weighted Sobolev spaces 

H 2 ’ a (R 3 ) := {fi : R 3 -> C\\\(f\\ H 2 ,a := \\(x) a fi \\ H 2 < oo}, <x> := ^1 + |x| 2 . 

2 Ground state manifold: existence and regularity 

2.1 Hypotheses on the potential 

We start with the general assumptions for the potential V s . 


(Hd) The potential V s (x), s € [0,1] andx € M 3 , satisfies V. € C([0,1]; IP 2,cr (M 3 ))nC 2 ([0,1]; L°°(M 3 )) 
for a a > 2. 

(H e ) For every s £ [0,1], — A + I/, admits exactly one eigenstate v* }S , with eigenvalue —E* s < 0 
separated from the rest of the spectrum of — A + V s , by a margin uniformly in s: there is 
Gq > 0 such that E* )S > Gq for all s. 

(H r ) For every s £ [0,1], V s admits no zero energy resonance, that is, the equation 

(-A + V s )g = 0 

admits no distributional solution g L 2 (R 3 ) such that (x)~Pg £ L 2 (M 3 ) for every f3 > 1/2. 
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2.2 Ground state manifold 


We present the proposition to establish the existence of a curve of constant mass in the man¬ 
ifold of instantaneous stationary states for Equation (11.211 . More generally, our result yields a 
differentiable manifold of nonlinear ground states. Before stating it we introduce some notation. 

By 


P H S I 11 * 

P C H ■= 1 - P> 


{V*, s 


H s 


( 2 . 1 ) 

( 2 . 2 ) 


we denote the spectral projections onto the eigenvector space of —A + V s and its orthogonal 
complement. Moreover, we declare that a subindex in Landau’s 0-symbol denotes the space in 
which the statement is to be understood. 

Proposition 2.1. For any fixed s € [0,1], 77 ^ 1, 0 < (E* >s — E)/b <C 1 and l £ M, we have 

(i) The “time-independent” Gross-Pitaevskii equation HI.31) admits a family of nonlinear ground 
states ipE s > 0 satisfying the equation 


(—A + V s + E)lf>E,s + fr(VtE,s) 3 — 0 
and they bifurcate from the zero solution: 

1 


(2.3) 


E,s = 


In fact, 'ipE,s is analytic in 


E- , - E 


(v^ v 2 ) 

\ U *,S1 U *,S/ 


+ 0^2,1 (1A,S — E) . 


andP c H ^ E ,s = 0 H 2,[{^) 3 


(ii) The ground states fi>E,s form a two-dimensional Banach manifold A4 C H 
fixed s the assertions in (i) hold and the map s 1 — > ipE,s € H 2,l (M. 3 ) is C 2 


2,1 


For 


(Hi) There exists a unique positive family of ground states s 1 —>• ipE s ,s £ (7 2 ([0,1]; H 2 ’ 1 
with constant mass, 1,2 = 


, -’E a ,s\ I 2 = V- 
The results are well known, see e.g. 


Hence we choose to skip the details. 


3 Main theorem 


The notion of a family of ground states allows to formulate the following adiabatic theorem, 
which is the main result. 

Theorem 3.1. Let To = f’E 0 ,0 with HVtEo.oll! = 77 <C 1 as above and e -C 1. Then Equation 
HI. 2 11 possesses a unique solution s 1 —> T s in C' 1 ([0, l];iL 2 (M 3 )) with the property that 


sup || T s — e 

0<s<l 


—iCi 


iPe s ,s\\h 2 ^ £ • 


Here, ( s : = f E s rds' and is a real function, uniformly bounded in s and e. 

The theorem will be reformulated into Theorem 15.21 below. 

The unesthetic factor e 1 ^ 8 is avoided by going over to projectors. Dirac notation allows us 
to formulate the following immediate corollary of Theorem 13.11 
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Corollary 3.2. Under the assumptions in Theorem \3.11 

sup II |tf s ) (tf a | - | 4 ’e S) s) {^E s ,s | Hl2^l2 <e. 

0<s<l 

For a complete proof we need to prove the local wellposedness of the solution in space 
H 1 2 (R 3 ). But here we choose to skip it by the fact it is straightforward in the present setting, 
see also e.g. mm- 

The following well-known results will be used often. Their proofs are standard, hence 
omitted. 

Lemma 3.3. 

(i) \ m H 2 ~ || 0|| 2 + ||(—A + V )( t >\\ 2 ■ 

(ii) For any l G M 


IMIhm -IIWV||2-HI{x)'a^|| 2 . 

(in) Product estimates, recall that by definition ||(^>||^ 2 ,i := ||0||i + ||A0||i, 

11^x11^2,1 < 11011^2 ||x||tf 2 , (3.1) 

II^xIIh* ^ 1101k 2 IIxIIh2 , (3-2) 

Il0xl|jf2,i < 11011^2,111x11^3,1 , (if l> 0). (3.3) 

4 Linearization around the ground state 

We start with linearizing around the ground state and make an ansat 2 @ 

* s = e^° E ’ lds '(fi Es , s + <p s ) (4.1) 

to derive an equation for <p s . Note that since the nonlinearity in (11.2ft is not complex analytic 
in the wave function the linearized operator will only be real linear. It is thus favorable to 
adopt the notation 


— 


3ip s 




and likewise for any other complex quantities. Plugging (15.1ft into (11.2ft to find 


fis = -~J 


—A + V s + E s + 3 0 

0 —A + V s + E s + 

He 8 ,s\Ts \ 2 + 2He 3 ,s(ti,s) 2 + b\fis\ 2 Pi, 
2bfiE s ,sVl,s<P2,s + b\fis\ 2 V2,s 


Ts 


d r 1 

- -l-VE s ,s - -J 
ds £ 


= ■■ 7 L EatB ip B - j-$Es,s - . 


(4.2) 


(4.3) 

(4.4) 

(4.5) 


1 The ansatz is arguably naive as it does not reflect possible geometric phase changes (in the sense of Berry’s 

phase). This will be made good for in Lemma l5.ll 
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Here the linear operator Le, s is naturally defined by (14.3|i and the nonlinearity N = N(ipE s ,s, 0s) 
by (14.41) . We used the notation 



and moreover Lg iS is considered as an unbounded operator on the Hilbert space L 2 (M 3 )©L 2 (IR 3 ). 
To facilitate later discussions we define operators s ,L~f, so that Le, s takes the form 

LE ’ S = O’") • (46) 

Now we study the eigenvalues of the operator Le , s • Compute directly to find 

I'Ejs'&e,* = ® • 

Hence (0,ipE,s) is an eigenvector of Le, s with eigenvalue 0. Differentiation of the left hand 
side with respect to E yields 

L J e s 8e'0e ) s = — 0E,s ■ 

It follows that (— dE0E,s, 0) T is an associated generalized eigenvector of (0, 0e,s) f° r Fe,s- 
The Riesz projection for the linear operator Le s take the following form. 

Lemma 4.1. 0 is the only eigenvalue of Le )S i n the ball of radius Gq/ 2 around zero (cf. (H e )/ 
More precisely, if T parametrizes its boundary in counterclockwise direction then 

) • (4-7) 

The result is well known, can be found in, for example, m- 


^ :__ 2 Vii {LE ’ s ~ z 




dz = 


dE\\0E. : 


9e0E,s\ [0E,t 

0 /\ 0 


+ 


0 )( 0 

0E,s/ \dE0E, : 


5 Reformulation of Theorem 13.1 

We start with decomposing the solution into different components, according to the spectrum 
of L s . It relies on the following lemma to decompose the solution. In figurative language what 
the lemma says is the following: As long as ip s in Ansatz (14.11) is sufficiently small, then, at the 
cost of introducing an additional phase yf, we can “shadow” 0e s ,s ^ A4 by ipE e ,s such that 

E l' ds '-^^Ei,s + </>,) (5-1) 

with Pe^ s 0s = 0. 

Lemma 5.1. For any <ft with ||</>||2 “C 1 there exist parameters E = E(E,s,<f) and 7 = 
7 (E, s, 0) € M, with E(E, s, 0) = E and 7 (E, s, 0) = 0, such that if 

4 C = 4>e,s + 4> 

then 

= e ^ {^E,s 4" $E,s) ’ 

where 4 >e s ^ es the continuous subspace of The dependence of E, 7 on E, cj> is smooth; 

the dependence on s is C 2 . 
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The proof of the lemma can essentially be found in 
Applying Lemma 15.11 we reformulate Theorem 13.11 in terms of estimates on various com¬ 
ponents of (15.11) . Plug (J5.1D into (11.21) to find, 


Recall that 4> : = 


= -L s $s - -is J^s - - -i £ tJ$El,s - -N{$e%,8,$8) ■ 

1l(j) 

Z(j) 


(5.2) 


by the convention in (|4.2p . L s := Le^s and the nonlinearity is dehned 
in (14.51) . and for later use, Pf := Pj( e s . It is not hard to see that our initial condition satisfies 


<t>0 = o. 


(5.3) 


As a first consequence we derive equations for Eg, 7 J, the modulation equations. To that 
end recall the condition Pf<(> s = 0, which, by ()4.7|) amounts to 


= 0 . 


0 

Qe'^E.s 

Apply these two orthogonality conditions to Equation (I5.2|) to derive 


^E,s\ _ 

0 


Y 


E f[(dE^E s s ,s,<Pl,s) - (i>Et,s,dEi>Ez,s)] + — {i>E% ,si <t>2,s) 


= — {ds'&Ef, s|t=s> 4>l,s) + (' l pEI,s,ds^Ef,s\t=s ) + f*(fpE§,s, N(ljjE§,s, <As))j 


(5.4) 


E l(dE' l l ; E§,s,(t , 2,s) - -[{dE^E^sYl,s) + (dE^E§,sYE§,s)\ 


= -{dE^EI,s,N(lljEI,s,4>s)) ~ {dsdE^Ei,s,H,s) ■ 


(5.5) 


We continue to transform the equation for <j) s in (15.21) . To remove the term —PgY'^E e ,si 
which is considered the main term, from the right hand, we make a refined decomposition for 
the function cj) s as follows 


= zL s 1 Pg ~~'fpE^,s + Ss = £ L s 1 Ps d s^EI,s + 


(5-6) 


The function L~ 1 Pgd s il>E^,s is we ll defined since, by Lemma F4.ll the operator Lj 1 : P S C (P 2 (M 3 )) —) 
P S C (P 2 (R 3 )) is well-defined and bounded. The second identity in (15.61) follows from the explicit 
form of the projection (14.71) . 

Plug the Decomposition (15.61) into (15.21) to yield the equation for (f > s , 


"s = \ L sls - ~ Y S JL S 1 Psds'tpEI,s - PsjYe%,s - Y J ^E‘,s - £ ^( L s lp s d s^E%,s) 


- -N(i/>E‘,s, £L s Pgd s ipEi,s + <j>s) ■ 


Apply Pg on both sides to see certain term vanish, and use (j) s = Pg<p s + Pg&s = ~Pf Y + Ps 4>s 
to obtain 

is = -Lsis - -Ps4s - Pfi s - Y s P c s JL^P C sds^Ei,s - - P C sJj E% ,s -eP^iL- l P c s d^ El ,s) 


- -PsN^e 


zLg 1 P^d s 1pEI,s + 4>s) ■ 


=0 


(5.7) 
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The initial data for the equation above is, by the fact </>q 


0 and (15. 6p . 


</> 0 = -eL 0 1 P£d s 't£ E i, s |s=o = -eL 0 1 P£d s 'ipE s ,s\s=o • (5.8) 

We now reformulate Theorem l3Tl 


Theorem 5.2 (Reformulation of Theorem 13.11) . The function <f s , the scalar functions Ef, yf 
satisfy the following estimates: 


sup |Eg — E s \ 

0<s<l 

£ e, 

(5.9) 

sup | 7 f| 

0<s<l 

< e 2 

c J 

(5.10) 

sup \\ 4>\\ H 2 
0<s<l 

;$£> 

(5.11) 

sup UWh^-” 

< e 2 . 

(5.12) 


0<s<l 


The theorem will be proved for a short time interval [0, so]> with so small but independent 
of e, in Section [6] below, and proved in the interval [0,1] in Section [TJ 

Clearly, Theorem 15.21 implies Theorem 13.11 with := y Jq ( E e s , — E s /) ds' it follows that 


sup ||tf s -e l( ^ + * So ^’^i/je^sWh 2 

0<s<1 


• 7g 

sup He 1 * (lpEi,s + f>s) - i>E s ,s\\H 2 
0<s<l 


< sup \\lpE*,s - i>E s ,s\\lP + sup \\(j) s \\ H 2+£ 

0 <s<l 0 <s<l 


< 


The first inequality makes use of (15.101) . the second of Proposition 12.II in combination with (15.91) 
as well as (15.111) . 


6 Proof of Theorem 15.21 for small time [0, sq] 

Mathematically, the main work for the proof of Theorem 15.21 lies in the demonstration of its 
validity on a small interval [0, so], with sq being independent of e. Here we need So small 
enough so that some Fixed-Point-Theorem-type argument can be applied, see the choice of (or 
two conditions on) so in (16.231) and (|6.26p below. 

We begin with presenting the main ideas. The core of the proof is a bootstrap argument. 
Specifically, define a locally controlling function Mp as 

MP : = SUP 11^11^2,-a 
0<s'<s 

and a globally controlling function Mp^ as 


MP : = sup \\<p s >\\ H 2 , 
0 <s'<s 


cf. Equation (15.61) . Recall that a > 2. 
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To start the bootstrap arguments, we use that, by (15.81) . the initial data satisfies the condi¬ 
tions 


Il0ol!< £ 

||0ol!-ff 2 < £ 


L 0 1 P(jd s 'il)E s ,s\s=o\\H 2 nw 2 ’ 1 
-^0 ^s^E a ,s |s=0 \\h 2 > 


resp. 


00 = 0 


if L o lp o d s^E s , s \s=o = 0. 


Hence there is a maximal 0 < r such that the (Bp B g ) resp. (Bj, B g ) conditions, to be dehned 
below, are satished with s = t as long as e <C 1. Here the (Bp B g ) resp. (Bj, B g ) conditions 


are dehned as 


(Bi) 

Ms ^ < 2Ae Lq 1 PQd s ifE s ,s\s=o\\H 2 rw 2 ’ 1 + £ 

(Bg) 

mP < P , 


where A > 1 is the constant in the dispersive Estimate (16.191) below. Note that if L 0 1 PQd s ipE 0 ,s\s=o 
0 then (Bi) is replaced by 

(B{) MP < e . 


With these at hand we may turn to the analysis of itself. The key fact is that 4> s lies in the 
continuous subspace of the linear operator L s , which allows us to apply dispersion estimates, 
which in turn is generated by some linear operator approximately L s . This in turn is generated 
by some linear operator which approximates L s . Together with bootstrap assumption (B g ), this 

will enable us to improve the estimates for <f s on the small interval [0, r], as long as r < so with 
sq > 0 being small and independent of e. The result is the following proposition. 


Proposition 6.1. There exists so > 0, independent of e (provided that it is sufficiently small), 
such that if (Bp B g ) resp. (B( ; B g ) hold for s < sq, then the better estimates 


MP < Ae\\L 0 1 P(d s pE 0 ,s\s=Q\\H 2 nw 2 ’ 1 + > 

Mfe) < e 

are true for all e <C 1. If Lq 1 P(jd s 'i/jE 0 ,s\s=o = 0 then is replaced by 

MP < £ 2 . 


( 6 . 1 ) 

( 6 . 2 ) 


(6.3) 


The proposition will be proved in the rest of the section. 

Assuming Proposition 16.11 holds, then we can prove (15.lip of Theorem 15.21 by a continuity 
argument. 

In order to prove ()6.1D . (16.21) we start with establishing controls for the modulation para¬ 
meters. This will also yield (15.9p and (15.101) of Theorem 15.21 
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6.1 Control of modulation parameters E £ and 7 J, proof of (I5.9jl and (15.101) 

Recall the decomposition of the solution in (15.11) . The parameters E e s and 7 ^ satisfy the equa¬ 
tions m and (15.51) . The function (f s is further decomposed in (15.61) . and the function (f> s 
satisfies Equation (15.71) . 

We start with some preliminary estimates. It is easy to see that every scalar product in 
J53D and (15.5p which involves <f s is of order e whenever assumption (Bi) resp. (Bj) holds. For 
e <C 1, it follows that 

\E £ S \<1, (6.4) 

l7fl<£ 2 - (6-5) 

Note that (16.51) is the desired bound in (15.101) . 

Now we prove (15.91) . Recall that the scalar function E s , which is independent of e, is the 
function satisfying ||^e siS ||| = ||\E , £ 0 j o ||2 = 7 , see (iii) of Proposition 12.11 In the next result we 
measure the difference between E s and Eg, or is to prove (15.91) . 

Lemma 6.2. //(Bi) resp. (B{) holds in [0, s], then we have 

\E £ -E s \<e, 


uniformly in s. 

Proof. We apply a Gronwall-type argument. The function 

f(F s {'f>E, s ,d s 'ip E ,s) 

n ,Sj ' (ipE,s,d E ^ E , s ) 

is C 1 in s and smooth in E by Proposition 12.II By (Bi) and (15.41) 

E £ s =f(E £ sl s) + 0(e), 


( 6 . 6 ) 


where 0(e) is uniformly bounded in s. 

To derive an equation for E s , we take a s— derivative on the identity {ipE s ,s>'f’E s ,s) = 
(^E 0 ,o,^Eo,o) = V to find 

E s = f(E s ,s). (6.7) 


Subtract this from (16.61) to obtain 


El-E s = f{E s ,s)~ f{El,s) + 0{e) 
<C(\E £ s -E s \ + e). 


( 6 . 8 ) 


Here C is a constant independent of e. Using Eq = Eq (see Theorem ED 

\E e s , -E s ,\ds'. 

This last inequality yields for x(s) := e~ Cs J Q S ds' \E £ , — E s > | 

-Cs 


\E £ S -E S \ <Ces + C 


x(s) < Cese 

which, after integration, implies the desired claim. 


□ 








6.2 PROOF OF PROPOSITION 16.11 
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6.2 Proof of Proposition 16. f I 


We start from the equation for (f) s in (15.71) . 

In the proof we rely on propagator estimates generated by certain linear operators. Here 
we do not choose L s on the right hand side of ( 15.71) since its time-dependence will complicate 
our analysis. Instead we approximate it by a linear operator — JH E ^,o with H E ^,o defined as 


He *,o := -A + V 0 - m = H 0 - E £ 


(6.9) 


and the linear Schrodinger operator Hq naturally defined. We rewrite the equation for (j) s as 


1 


= -~J(H e 1,0 + 7 ! 


£ 




( 6 . 10 ) 


' db sk 


+ - £ {L S + jhes, o)i + ^P d 4s - p?p: 

- YsPsJL^P^e^s - £P £ ^(L- { P £ d^E 4)S ) - - £ P £ N(^ EI ,s, sL-'P-ds'ihi, + h • 


The difference between L s and —JHe%, 0 , 


L s - (~JH e fl o) = -J 


Vs - Vo + 3Hei,s 


V s - V 0 + Wl? 


( 6 . 11 ) 


is small if s is small, and decays at spatial infinity. 

Apply the Duhamel’s principle and apply P^ on (|6.10l) to find, 

P c hJ s =U o (s,0)P c h J 0 


( 6 . 12 ) 


+ f ds' U 0 (s, s') (—Pg (L s i + H Eh0 )} s , + —Pjj 0 Ps,J(j) s > - P c Ho Pf,Pf,4> s , (6.13) 
Jo y£ e 


~ i E s’ pr H 0 P r s' JL s' P s'ds'i’El,,S' - £P c Ho P^(L-tp £ ,d s nP E e i!s/ ) 


-P c Ho P c sl N^ E e nS ',eL-/P c sl d s ^ n s' + </>. 


(6.14) 

(6.15) 


Here, the propagator Uo(s,s'), s > s' > 0 is generated by the linear operator Pl E f,o + it 
defined in (16.91) . Its mathematical definition is 

ed s U Q {s,s') = - J(H E e,o + it) u o{s,s '), 

U 0 (s',s') =Id. 

The time decay estimates of various terms (16.12l) - (|6.15() depend critically on the estimation of 
Uq(s,s'). Using the definition of H E e,o, we cast the expression into a convenient form 

Uo (s,s') = ^-7f+7 s 5]^-i( S - S ')(-A+Vo)J. (6 . 16) 

The first factor ePP' Ez dz_ l's+7 s r]J j s a 2 x 2 scalar unitary matrix, since J is anti-self-adjoint. 
Hence to estimate Uo(s, s'), it suffices to estimate pP s ~ s )(- A +U) Moreover note that Uo(s, s') 
commutes with P^ and Pjj , the projections onto the discrete and continuous subspace of Hq, 
respectively. 

To estimate (16.12I) - (I6.15j) we rely on appropriate propagator estimates. Here to facilitate 
later discussions we consider cases more general than K-A+l-b), name ly e l j( s ~ s )(~ A +U)^ r g 

[ 0 , 1 ]- 
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Theorem 6.3 (Goldberg). Under conditions (H r , H^) it holds for arbitrary r £ [0,1] and t £ M 
that 


'^PhJl^lo 0 < |t|-= 

(6.17) 

e _ 1 ^"-Pff r xlk 2 - \\P c h t x\\h 2 Z llxlb 2 , 

(6.18) 

^ HtP h t x\\h 2 :- — A(-) 2 llxl \H 2 nw 2 ^ > 

(6.19) 


where llxll/i^nM/ 2 - 1 := Hxll# 2 + llxllvF 2 ’ 1 - TVie constant A and the multiplicative constant in 
H6.18\ ) can be chosen independent of r and t. 

The proof is based on results in | T9j . and will be given in Section [Aj 

We are now ready to estimate the various terms (|6.12I) - (I6.15I) . the local estimates for (16.121 
I6.15P are collected in the following lemma. Its proof is provided in the next subsection. Recall 
that HVlEcoll! = 77- 

Lemma 6.4. Assume (Bp B g ) resp. (B( ? B g ) in the time interval [0, s]. We have that if 
77 , e <C 1 then in [0, s], 


|(|6.12p||jj-2,-a < H(-) 2£ ll-^o 1 -f , o^t^Bf,s|t=o||// 2 nw 2 ’ 1 — (~) 2£ ! 
|d6.13p||jj2,— a <i>(0,.s) ( e {-) 2 +e 2 )Mj 2 ^+e 2 , 

I @3311 


If Lq 1 Pod s ipE 0 ,s\s=o = 0 then the first two estimates are replaced by 

II <| 6 T 2 !)|k 2 ,-q =0, 

iKram^-q <5(o, S ) mp+s 2 . 


(3 1 ) 

Here the constants Mg’ and 5(u,t) are defined as 


Mg 2,l) := sup (e-(—) 2 + £ 2 ) 1 ||<^ s /||jj 2 ,-q 

0<s'<s e 

5(u,t) := sup [\\ V S -Vu + Zb'ifye s \\ H 2 ,*}. 

U<S<T 


( 6 . 20 ) 

( 6 . 21 ) 


One last minor difficulty remains before proving Proposition 16.11 Recall that we need to 
prove that || 0 s ||jj- 2 ,-q < ■ ■ ■ using (| 6 . 12 p . while what appears on the left hand side of (I 6 . 12 p is 

Pf Io ( j) Sl instead of the desired 1 fi s . In the next lemma we show their H 2 and i^ 2,_cr -norms are 
equivalent. 


Lemma 6.5. Suppose sq, r] and e are sufficiently small. The for 0 < s < sq, we have 


\\Ph 0 $s\\h 2 — ||<?s||jj 2 , 
WPho^sWh 2 -* — W&sWh 2 -* ■ 

The lemma will be proved in Section [B] 

Given Lemmata 16.41 and 16.51 we are ready to prove Proposition 16.11 
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Proof of Provosition \6. 1[ We discuss first the case where L 0 L PQd s r tl>E 0 ,s\s=o 7^ 0. 
Results in Lemmata 16.41 and 16.51 imply that, for all sufficiently small £ 


, S , 3 


,S, 3 


I_ff 2 ,-cr < C SQ} A ( £ (~) 2 + £ + <5(0, s) (e( —) 2 + £ )M, 


(Id) 


( 6 . 22 ) 


Here we have made the multiplicative constant C Sq ,a explicit in order to define our prescription 
for <5(0, s): We choose sq small enough so that Lemma [6.51 holds for s < sq and 


Cs o ,yl<5(0, s 0 ) < 1/2. 

(|d) 


Consequently, by the definition of M s v 2 ’ in (16.2011 


and therefore 


Mi 0 f,1) < 2 C S0 , A 


\h 2 ~° < 2(7 SOiJ 4 (e(-) 2 + ) • 


(6.23) 

(6.24) 

(6.25) 


This, together with applying the results in Lemma [6.41 to yield 

ll^sll/l 2 ’-' 7 < ^ll-^o 1 Po5 s 'i/^o,s|s=o||// 2 nVF 2 - 1 + Cs 0 ,A (<5(0, s) e + £ 2 ) 
In addition to the condition on <5(0, s ) in (I6.23p we require that <5 also satisfies 

5(0,s 0 ) < 


1 


2C So ,a 


(6.26) 


Hence the bootstrap assumption (Bi) , for s G [0, So], is improved to the desired estimate (16. 111 . 

MP < ^4e||L 0 1 PoO s VS/; 0iS | s= o||H2 nH /2,i + -e 
for all sufficiently small e. 

Now we turn to estimating ||</ s ||^ 2 . By (Bp B g ) and Lemma [6.21 for s' < So it holds 

\\N{$E* n s',4>s')\\H* ■ 

s' 

This together with (16.12l) - (16.15f) and (I6.25P yields the desired estimate (16.211 


H 2 ^II^oIIh 2 + 


d 


ds' (^\\4 > s ,\\ H 2+ £ 2 \\L/Pf,d s 4 E i,,s'\\m +z\\-^,{ L s ' lp s'd S 'i'E'i,,s')\\Hi 


+ -\\N{'flE s ,,s',£L sl l Pf,d s 'll)E e ,,s' +4>s')\\h 2 


< 


+ i *' (7< £ <7 > " I+£2> + e ) 


< 


£ . 


Note that the implicit multiplicative constant can be chosen to be uniform in s € [0, So]- 
The case Lg 1 P()d s 'ipE 0 ,s\s=o = 0 is easier: Estimate (I6.22p is then modified to 


\h 2 -° — C'sq ,A ^<5(0, s) MP + e 2 ^ . 


(6.27) 
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With (I6.23P one obtains 

M^<e\ (6.28) 

which is (16.31) . Estimating (16. 12 H 6. 151) in || • ||#2 similarly as above yields 

M (g) < e 

with an implicit multiplicative constant being uniform in s £ [0, so] - This proves Proposition l6.ll 

□ 


6.3 Proof of Lemma 16.41 

Next, we estimate (I6.12D - (I6.15D in the space H 2 ~ a (M 5 ) term by term. 

Local estimate for (16.12ft : If Lq 1 PQd s 'ip EojS \ s= o = 0 there is nothing to do. Otherwise, use 
the estimate 

\\( x )- a { x ) rT Lj 1 P^d s 'ifEi,s\\w^ % W)~ a \\HA\ L ^ lp s d s^E%,s\\H^ , 

and Theorem (16.31) to obtain 

\\Uo(s, 0 )Ph 0 4 >o\\h^-° < M^)~^W L o lp o d sifEi,s\s=o\\mnw^ - 


Local estimate for (16.131) : To apply Theorem 16.31 we need bounds for the || • ||# 2 n ^ 2 ,i-norms 
of each term: 


Lemma 6.6. 

\\Ph 0 (Ls + \\4>s\\h 2 ’-°- , 

\\PH 0 PsJ < t > s\\H 2 nW 2 ’ 1 ~ \\4 > s\\h 2 -°i 
\\ P H 0 PfPf$s\\H 2 rW 2 ’ 1 ~ W^sWh 2 -* ■ 

A proof of this lemma is given in Section [Cj 

In what follows we estimate (16.131) . and start with the case Lq 1 Pq<9 s '(/IEo,s|s=o 7^ 0. 
Lemma 16.61 Theorem 16.31 and Estimate (16.51) yield, for s < so and so,r],£ <C 1, 


(6.29) 

(6.30) 

(6.31) 


f ds' U 0 (s, s') (-P c Ho (L s , + JH E e n0 )j> s , + _ P f l p?p*} 8 

JO \ £ a £ 


H 2.- 


f s S — s' 3 / 1 ~ 

/ ds'( -)~ 5 (-|| Ph 0 {L s ' + JH E e /fi )(j) s ,\\ H 2 nW 2 ,i + £ \\PH 0 p f' J ^s'\\H 2 nw 2 ^ 

Jo £ ve s 

+ \\PH 0 Pf'Pf'$s'\\H 2 nw 2 ^ 

r *'(1^,-1 ( (e <£)-i + ^ )(£ (4 )-i + ^)-iM I 

Jo £ \ £ £ £ 


I H 2 *~ a + IIW \\h 2 -° 


< <5(0,s) (e(^) 2 +£ 2 )Ms 2,l) +e 2 


with 




= sup (e(-) 2 4- £ 2 ) 1 ||</V ||_ff 2 ,-o 
0<s'<s £ 


recall the constant <5(0, s) from (16.211) . In the last inequality we applied (Bi) as well as the 
following key observations: 
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Lemma 6.7. 


f s ds ' { ^l )-!< £j 

JO £ 

f j / / ^ S \ — —/S \ — - ^ /S\ — 3 
/ ds'(——) a(-) a<£(-) 2 
/o e e £ 


Proof. The first estimate follows immediately after a change of variables s' —>• y. For the second 
we divide the integral region into two parts [0, s/2] and [s/2, s] to obtain 


f r^rifru f 

Jo £ £ Jo £ £ J s/2 £ £ 


< 

r^j 




s/2 

r 

's/2 £ 


<e(-) 2 


□ 


Next we estimate (j6.13|> for the simpler case L 0 1 P§ds' l l J Eo s\s=o = 0 ; 

f ds’ U 0 (s, s') ( -P c Hq {L s , + JH E e n0 )} s , + ^P^Pp^, - P c Ho Ppfl s 
Jo \ £ a £ 


H 2,-0 


r s s _ g' 3 /1 ~ ~ 

/ ^ s, (-) 2 (“ll-FffoCks' + JHE e n o)<t>s' lli^rw 2 . 1 + e ll-f > &o-fs'^s , ll^ 2 nw 2 ' 1 

Jo £ X£ 3 


< / ds'(^)-| 

J 0 e 

<5(0 ,s)MP+£ 2 . 


5(0, s) 


+ WPHo^s'Ps'^s'W^nW 2 ’ 1 


bs'Wn 2 -* + ll^s' \\h 2 ’ - 


Local estimate for (|6.14|) : 


fds’ Uo(s,s') [- £ il,P^PppPfd s 4 E s nS , - £Pf To Pf±(L-'PfdP E:nSl ) 


< 


J ds ' J-fT~ ) L S ' A P s' d s'if El,,s' 


H 2 rw 2 ’ 1 


+ 


(L s , ] Pf'd s ''f E c,,s') 


ds' 


H 2 r\ w 2 ’ 1 


<£ 2 


£ . 


The first inequality results from Estimate (16.51) and the fact that \\P Eo Pf\\H 2 nW 2 ’ 1 -+H 2 nW 2 ’ 1 
is uniformly bounded. The second inequality follows from Lemma 16.71 and (Bi) as well as 

II ‘ lli^rw 2 ’ 1 < II ' II H 2 >°- 


Local estimate for (|6.15|) : Instead of expanding N(if E e s i,£L , 1 Pf,d s / r if E e s >+f) s i) it is more 

s / ’ S & s r 5 

convenient to consider N(ip E e s i,(j) s i), recall that in (15.6R . 

s' ’ 

$S = £Lf l P c s d 8 $E*, S + 4>s- 
By Equation (|4.5|> we may conclude that 
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- terms which are quadratic in (j) s r come with a factor of s' which decays rapidly at 

s / 5 

spatial infinity. By (Bi) 


l; E e n s'(/>t'\\H 2 nw 2 ’ 1 = II (x) 2 rT ^E e nS '(x) 2 a ^Wn^nw 2 ’ 1 < Ills'll 


's'\\h 2 ’-° ~ > 


terms which are cubic in (j) s i are estimated by 

lll^s'lVs'lliT’rw 2 - 1 < ll'As'll // 2 ~ • 


Here the bootstrap assumption (B g ) for the global norm ||0 S ||#2 has been used. 
Hence collect the estimates above to obtain 



This finishes the proof of Lemma 16.41 □ 


7 Proof of Theorem 15.21 for all s £ [0,1] 

So far we have established Theorem 15.21 on the small interval [0, so] only. Recall that s o does 
not depend on e if e -C 1. Next we extend the results to the interval [0,1]. 

Proposition 7.1. For i] <C 1 there exists a small time t* > 0 and constant C T * with the 
following property: Whenever 


Mf) < C s *s({p-I +<■) 

< C s *e 


hold for some s* € [sq, 1], then 


< C T *C s *e (ji~) 2 + (7.1) 

M^ +t » < C T * C s *£ (7.2) 


for all £ <C 1. 

Proof of Theorem \5.21 Clearly the hypothesis of the proposition is satisfied at s* = So- Estim¬ 
ate (15.1111 follows by iteration. Estimates (15.91) and (15.lOjl are proven by the same techniques 
as before. □ 

Proof of Proposition 1 7. 1 1 The choice of t* will be in (17.101) . after considering all the factors 
determining it. 

We reformulate the equation for <f s similar to that in (16.101) . The only difference is that we 
approximate L s by —JHe^s* with 


He§,s* •— 


A + V;. — E £ s = H s . - E e s . 


(7.3) 
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Hence the equation for (j) s becomes 


1 


t> s = + T 


s)<t>s 


(7.4) 




+ \{L S + JH E - PfP, 

- i'! P s JL s lp s d s^Ef,s ~ £ P s-J-jL~ l P g d s 'lpE§.s) ~ ^PZN$ Eha ,ELj 1 I*d s $E',8 + 4>s) ■ 


Now we consider the initial condition, since the equation for cj) s in (16.101) is started from time 
s*, its initial condition cj) s * takes the form 


=U, 


• {s*, 0)^o + [ 

Jo 


ds' U s *(s*,s')x 


(7.5) 


x (-(L s , + JH E e nS *)} s , + ^ p ph - P s’ P t'4>s’ 

\£ s £ 

- Ys> pC s'JL-/ pC s ,d s 4Ei,,s' - e p ^(L- lp c,d s 'j Etn s’) 


1 


- -PgiN(lp E e s’, sL , P^,d s '1p E e s , + (j) 

£ 3 s" 

Then for any time s > s*, apply Duhamel’s principle on (17.41) to obtain 
p ZJs= p k*Us*(s,s*)L+ r ds'U s *(s,s')x 


1 


7 % 


x [~P^ t (. L s , + JH E s,, s *) 4> s ' + -f p {j st p *,J0 s ' - P c Ha ,P«,P^ s , 

- rt pC H s * pr s ,JL-}pyd s 4 Eln s' - eP^ pc±(L- lpc s ,d s 4 E l n s') 

- P^N4 E:nS ',8L- ] P^,d s 4 E:nS ' + } s , 

Plug the expression for (f ) s * in (17.51) and use the semigroup property 

U s *(s,s*)U s *(s*, 0) = U s *(s, 0) 


to obtain 



—U s *(s,0)Pf I ^4> 0 

+ 


J° +J^j ds' U s *(s,s’)x 


X (1 P C Hst (L s ' + JH E e nS *)4> s , + Tkpc^pdj^, _ p^pdpdl 

- 7 £ S 'P c Hst p c S ' J L-4p c s ,d s 4 E e nS , - sP^p;,^(L- ] pc,d s 4E : ,4 

- - p h s * P s' n 4fj,.s ', 1 P r s ,d s >4 £ a ,,.s' + <f>s')'j ■ 


(7.6) 


(7.7) 

(7.8) 

(7.9) 


In what follows we estimate (I7.6D - (I7.9D . As usual we assume (Bp B g ) resp. (B[, B g ) hold in 
a time interval [s*,s* + t] for some r > 0. The existence of r > 0 is guaranteed by the local 
wellposedness of the solution. Recall that the (Bp B g ) resp. (Bj, B g ) conditions are defined as 
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(Bi) MP < 2A£\\LQ 1 PQd s '^E a ,s\s=o\\H 2 nw 2 ' 1 + e > 

(B g ) M s (g) < , 

where A > 1 is the constant in the dispersive Estimate (16.191) . Note that if LpPod s 'ipE 0 ,s\s=o = 
0 then (Bj) is replaced by 

(B{) MP < e . 

In estimating (17.61) - (17.91) . the decay estimates generated by U s *(s,t ) play a prominent role, 
as in the proof of Proposition 16.11 Here after analyzing as in (16.161) . we find that it suffices to 
study the operator e ~ ltHa *, which makes the results in Theorem 16.31 applicable. 


Local estimate for (17.6ft : It is easy to obtain 

\\U S * (s, 0)Pff st 4> 0 \\h 2 ~< A(-) 2 e\\L 0 1 PQd s ifEi,s\s=o\\H 2 nw 21 < ^ ■ 


Here we used s > sq > 0. 


Local estimate for 1)7.7ft : The integrals of the first summand f Pfj t (L s t + JHE s n s*)4>s' 
dominate the others for e -C 1. By (16.251) and Lemmata 16.61 [6771 


ds' U s *{s,s’)P c Ht {L s , + JH E e n 


C S *A 
<—— 

H 2 ~° £ 


f , , ,S - s' 3 s' 

/ ds (——) 2 (e(—) 
Jo £ £ 


2 +£- 


<C S * )A (ep) 2 +e 2 ) 


<C s *,A£ ? 


if LpP^d s i/;E 0 ,s\s=o ~f~ 0- The same estimate holds if Lg 1 PQd s i/jE 0 ,s\s=o = 0. 

Next, we use (16.291) in Lemma 16.61 with 0 replaced by s*. There exists a constant C\ = 
C\ {A) > 0, so that for all e«1 


ds' U s *(s, s')Pjj (L s > + JHE e n s*) ( j ) s' 


<A S{a ’' a) 

H 2 ~° £ 


[ ds' 

J s* 


,S-s' 3 

2 1 


I H 2 ’—° 


<CiS(s*,s) sup 

s*<s'<s 


s'Wh 2 - 0 


Recall the definition of 5(u, s ) € M + from (16.211) . 


Local estimate for () 7.8 ft : The integral of the second summand £Pfj p P^ E e n s’) 

dominates the other and 


[ ds' U s * (s, s’)Pp t P s c , (L- l P^d s P E:n s 


H 2,- 


<c f 


*£ 


f ds' ( 
Jo 


s — s 


■ 2 < 
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Local estimate for (17.91) : By the same reasoning as in the local estimate for (j6.15|) we have 


facts' U s * (s, s') + k) 


H 2 -° 


<C„*e 2 . 


Collect the estimates above to conclude that, for s € [s*, r] and for all E<Cl, 


| H 2 '~ a 8 CoE 2 TCSJ(s*.s) SUp \\$s' IliT 2 ’ - ° • 

s*<s'<s*+r* 


Next we choose a (possibly small) r* such that 

Ci<5(s*,s* + t*) < (7.10) 

Then it follows that for r** = min{s* + r*, r} 

sup < 2C2£ 2 . (7-11) 

S*<S'<T** 

Next we estimate ||</> s /||# 2 . We estimate (I7.6D - (I7.9D in the norm || • \\ H 2 as in the proof of 
Proposition 16.11 with the help of (17.111) , to find 

sup \\$s' \\ H 2 < C s *e. (7.12) 

s*<s'<s*+t* 

It is not hard to see that (17.111) . (17.121) imply the desired (17.11) . (17.21) . if we prove r** = s*+r*. 

This is indeed true. By the local wellposedness of the solution, the bootstrap assumptions 
(Bi, B g ) resp. (B{, B g ) hold for a maximal subinterval [s*,s* + r] C [s*,s* + r*], where r 
a priori depends on e. We claim that r = t*: If we assume r < r*, then the estimates 
(|7. 11 j) . (17.121) . which are better than (Bp B g ) resp. (B(, B g ), still hold in [0,r]. But the local 
wellposedness implies that the bootstrap assumptions also hold on a bigger interval (for e -C 1). 
This contradicts the maximality of r. □ 


A Proof of Theorem 16.3 


The estimate (16.171) can be found in |19| . 
The estimate (16.18j) follows from 


|e _i « 7 


Ph t X II 


H 2 


e-^P^xh + \\H T e-^ P c HtX \\2 
e-^ HT P c HT xh + We-^HrP^xh 


P C H T Xh + \\H T P c Hr xh 
Ph t x\\h 2 

P C H T Xh + \\P c H H T xh<\\x\\H 2 - 


(A.l) 


By inspection we see that all multiplicative constants can be chosen to be independent of r due 
to (H d ). 
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Next we prove (I6.19|> . By ||(.t) a x \\2 < ||(x) <J \\2 
we obtain 


OO r^j 


for any a > 2 (recall (Hj)) 


e-h H rpc xlu _ 


* \\{x)-^-^P c HT xh + \\(x)-^H T e-^Pfj T xh 

- \\{x)~ (J e~ i ^ Hr Pfj r x11 2 + \\(x)-"e- i ^pc HT H TX h 

< He-^^P^xIloo + He-^^P^^xIloo 

3 

t 

£ 


< 

r^j 


Mi + PMli) 

llxll VE 2 ’ 1 • 


(A.2) 


This together with (1A.1I) yields the desired estimate (16.1911 . 

The uniformity of the constant A follows from compactness of [0,1] and the following lemma. 

Lemma A.l. Consider Hq = —A + Vo with Vq € H 2 ^(R 3 ) admitting no zero energy resonance, 
thus 

ll e ^^Pho^Wh 2 -^ A C 0 (t) 2 \\4>\\H 2 nw 2 ^- 

Then for H = —A + V, V € H 2,a '(R 3 ), || V — ho||^ 2 ,a sufficiently small, it holds that 

||e lHt Pfj(f)\\ H 2 ,-a < C(t) 2 ||^>||fl-2 nW 2,l, 
where C can he chosen such that C —> Cq as \\V — Vo||/p,a —>• 0. 

Proof. To simplify the notation, 5 > 0 will denote a generic quantity which tends to zero as 
\\V — V 0 \\ H 2 „ —> 0. By Duhamel’s formula 

e - iHt Pfjcf = e-^n^pfjcj) = e - iP » HoP «tp r H f 

-i f ds e - iP u HoP n^-^P r H (V - V 0 )P r H e- iP H HP n s P r H (j). 

Jo 

(A.3) 


Claim: || e - iP a^ P a*P^0|| ff 2,- CT < {t)~l(C 0 + 6 )\\(j)\\ H 2 nW 2 ,i. 

We first show that the claim implies the lemma. With Lemma 13.31 we have 


\ p h{V -Vo)(xY{x)- a P, 


H 


—\P C HP C < 
e ir H n r H'- 


Ph4 > \\h 2 hw 2 ’ 1 < <5| l e 


s p; 


HS 


I H 2 ~° 


and thus estimating (1A.3[1 for all t <t* we obtain 


(*) 2 l|e 


—i Ht r>c 
Jc , 


' h9\\h 2 .-°- < 


ft* 

(Co + <5)||(/>||^2 n ^y2,i + 5(t) 2 / ds(Co + 5)(t — s) z(s) A 

Jo 


x sup (s) 5 \\e~ iP H HP H s Pf 


s<t* 




The lemma now follows from 



3 

ds(t — s)~ 2 ( s) 


I < 
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for a numerical constant D. This is proved as in Lemma 16.71 

To prove the claim we define := and apply Duhamel’s formula again, 

<h = e- iHot P c H (j) + i f ds e Hff »( f - s )p^ 0 P^ s 

Jo 

It holds that 


WMh 2 -* — WPhMh 2 -'* <\\{Ph 0 ~ P^Mh 2 -* + ll-ff 2 ’-' 7 

<&\\4>t \\h 2 + WPhoMh 2 -* i 

and the same is true if H 2 ~ a (M. 3 ) is replaced by H 2 (M. 3 ) fl VL 2,1 (M 3 ). The second inequality can 
be proved with the Riesz formula and certain resolvent estimates. It follows that it is sufficient 
to estimate 


Pnjt = e~ iHot P c Ho PU + i f ds e-WoWpfr ptHoPkts 

Jo 

= + e~ iHot Pfj 0 (Pfj - P c Ho )ct> + i fds e~ m ^P c Ho P d M - V)P C H J> S 


Hence for all t <t* 

(t) 2 ll^ill H 2 -” < (1 + 6){t) 2 \\Pfi 0 (j)t\\H 2 -<r 


< (Co + 5)\\(j)\\ H 2 nW 2,l 

+ (l + (5)(t)5 / ds(t - s)-|(s) _ l(s)i||(V r o - V)(xY(x)- a Pf i (j> s \\H 2 rw 2 ’ 1 
Jo 

3 

< (Co + 5)||</>||//2 nM /2,i + 5D sup(s) 2 11^11^2,-a 

s<t* 


This proves the claim. □ 

B Proof of Lemma 16.5 

Proof. Obviously, \\Pfj 0 (fsh < \\$sh and \\H 0 P ^ o $ s \\2 = \\Ph q Hq $ s \\2 < \\H 0 <j > s \\2 imply 

WPnJsh + m o H 0 $ a \\ 2 - \\P c hMh 2 < \\$s\\h 2 • 

By the definition of Pj| and that the eigenvectors of —A + Vo decay rapidly at |x| = oo, we 
have 

||(x)-^ 0 ^|| 2 <||(x)-^|| 2l 

and similarly, 



whence \\Pfj o (j) s \\jj 2 .-a < ||0 s ||^2,-a. To show the converse inequalities note that for both norms 
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Therefore it suffices to show that \\P S — Pfj \\ E 2^ H 2 resp. \\P S — Pfj \\ H 2 ,-<t_^ H 2 -<t can be made 
arbitrarily small by choosing sq,i],£ suitably. By the second resolvent formula we obtain 

II Ps - P c Ho || <£dz II (JL S - £)- 1 |||| JL S - H 0 \\\\(H 0 - z)" 1 !! , 

T as above. Observe that for arbitrary <5 > 0 we can achieve 

\\JL S -H 0 \\<6 

in both operator norms as a consequence of (16.111) and (16.211) . Furthermore the norms of 
(L s — z) -1 and (Hq — z)~ l are both uniformly bounded on H 2 ~ a (R 3 ) (the case H 2 (M. 3 ) is 
easier). This concludes the proof. □ 

C Proof of Lemma 16.6 

Proof. By Lemma 16.51 we have 

\\Ph 0 (Ls + JHo)$s\\h 2 fS \\{L S + JH^^sWh 2 , 

and 

\\P c h 0 (L s + J Ho)$ s \\ W 2,i < || (L s + JHo)(j> s \\ W 2,i. 

Then, by means of Estimate (16.211) 

IIGLs + JHo){x) a {x)~ a 4> s \\ H 2 < 5\\(j> s \\ H 2,-„ , 

\\(L a + JHq)(xY (X)~ a $ s \\ W 2,1 < 5\\(j) s \\ H 2,-a . 

The proof of (16.301) is follows from similar arguments using the explicit expression for Pf, 
Equation (14. 7p . Ultimately, to prove (16.311) we note that since 
^d E ipEi,s G H 2 ' a (R 3 ) it holds that 

\\PfPf^sWmnw 2 ’ 1 ^ \\Pf$s\\m-° Y W^sWh 2 -^ ■ 


□ 
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